INTRODUCTION
One of the most important invariants of an algebraic number field K is its discriminant, denoted by DiscðKÞ: In this paper, we are concerned with discriminants of subfields of Qðz p r Þ where p is an odd prime and r is a positive integer. For any number field K & Qðz p r Þ; we obtain a closed-form formula to compute DiscðKÞ as a function of p and ½K : Q only. For each divisor d of fðp r Þ; there is a unique subfield K of Qðz p r Þ of degree d: Such field K is fixed by exactly one subgroup H of GalðQðz p r Þ=QÞ: Our first task will be to characterize the conductors of Dirichlet characters (Lemma 3.2) and then to calculate them explicitly (Lemma 3.3) . From these results, the formula for DiscðKÞ is obtained using the Hasse Theorem, which states that if K is fixed by a subgroup H of GalðQðz n Þ=QÞ; the discriminant of K is equal to the product of the conductors of all characters associated to K [7] .
CHARACTERS AND CONDUCTORS
A character of a finite Abelian group G is a homomorphism from G into C n [1, 7] . A Dirichlet character defined modulo m is a multiplicative homomorphism w : ðZ=mZÞ n ! C n : If m divides n; w induces a character modulo n by composition with the natural map ðZ=nZÞ n ! ðZ=mZÞ n : Therefore, we can regard the same character defined as either modulo m or modulo n since they are essentially the same map. It is convenient to choose n minimal and call it the conductor of w; denoted by f w : It is sometimes advantageous to think of Dirichlet characters as being characters of Galois groups of cyclotomic fields. If we identify GalðQðz n Þ=Q) with ðZ=nZÞ n ; then a Dirichlet character modulo n is a Galois character [7] . In general, if w is a character modulo n; then w is a character of GalðQðz n Þ=QÞ: If K is the fixed field of the kernel of w; then K Qðz n Þ; and if n is minimal, then n ¼ f w : The field K is exclusively dependent on w and is called the field belonging to w: More generally, if X is a finite group of Dirichlet characters and n is the least common multiple of the conductors of the characters in X ; then X is a subgroup of the characters of GalðQðz n Þ=QÞ: If H is the intersection of the kernel of these characters and K is the fixed field of H; then X is precisely the set of all homomorphisms from GalðK=QÞ to C n : The field K is called the field belonging to X ; and we have ½K : Q ¼ order of X : If X is cyclic and generated by w; then K is precisely the same field belonging to w:
PRELIMINARIES
In this section, we present the supporting lemmas to obtain the main result. Given an odd prime p and a positive integer r; ðZ=p r ZÞ n is a cyclic multiplicative group [3] Lemma 3.2. Let n and m be positive integers and w a Dirichlet character defined modulo n: The conductor of w is m if and only if m is the least integer dividing n and the following condition holds true: 8a 2 Z with ða; nÞ ¼ 1; if a 1 ðmod mÞ; then wð % a aÞ ¼ 1:
Proof. Suppose m is the conductor of w and a 2 Z is such that ða; nÞ ¼ 1: Since a 1 ðmod mÞ; ða; nÞ ¼ 1; and w can be defined modulo m; then ða; mÞ ¼ 1 and wð % a aÞ ¼ 1: Conversely, let a and b be relatively prime to n; and consequently, relatively prime to m: If a b ðmod mÞ; then ab À1 1 ðmod mÞ and thus wðab À1 Þ ¼ 1; that is, wð % a aÞ ¼ wð % b bÞ: Since m is the least divisor of n with the above property, then by definition it is the conductor of
Let p be an odd number, r a positive integer, g an integer such that % g g ¼ g mod p r is a generator of ðZ=p r ZÞ n ; and w : ðZ=p r ZÞ n ! C n a Dirichlet character. Given that there are exactly n characters over an Abelian group of order n; there are ðp À 1Þp rÀ1 Dirichlet characters w defined over ðZ=p r ZÞ n ; and each character is completely determined by its image in % g g [7] . On the other hand, 1 ¼ wð
; that is, wð % g gÞ is a ðp À 1Þp rÀ1 th root of unity [3] . With this, given a character w defined modulo p r ; there is an integer i where 04ioðp À 1Þp rÀ1 such that wð % g gÞ ¼ z Given an integer n and the field L ¼ Qðz n Þ; L is a Galois extension of the field of rational numbers, with the Galois group isomorphic to ðZ=nZÞ n : From the Fundamental Theorem of Galois Theory [5] , it follows that there exists a one-to-one correspondence between the subgroups of ðZ=nZÞ n and the subfields of L: The isomorphism between the Galois group and ðZ=nZÞ n is determined by associating the automorphism s i of L (taking z n in z i n ) to each integer i in ðZ=nZÞ n : Then we can define a character w acting on the automorphisms of L; where wðs i Þ means wðiÞ:
With the above notation, if K is the subfield of L fixed by H; we say that the character w is associated to K if wðsÞ ¼ 1 for all s in H: As an example, if K ¼ L; the subgroup H that fixes K is the identity s 1 of L: It is easy to see that wðs 1 Þ ¼ 1 for all w defined modulo n; and therefore all the characters are associated to L: Also, if K is the field of rational numbers, then the only character associated to K is the trivial one.
Theorem 3.1 (Washington [7] ). Let n be a positive integer, L ¼ Qðz n Þ; H a subgroup of the group of the automorphisms of L; and K the subfield of L fixed by H: Then the discriminant of the field K is, up to sign, the product of the conductors of the characters defined modulo n which are associated to K:
MAIN RESULT
Let p be an odd prime number, r a positive integer, and L ¼ Qðz p r Þ: Because L is a Galois extension of the rationals whose Galois group is isomorphic to ðZ=p r ZÞ n ; a cyclic group, there is a one-to-one correspondence between the subfields of L and the divisors of ðp À 1Þp rÀ1 ; the degree of L: In the next theorem, we calculate the discriminant of any subfield K of L as a function of p and its degree only. Since the degree of K is a divisor of ðp À 1Þp rÀ1 ; we write ½K : Q ¼ up j ; where u is a divisor of p À 1; and j4r À 1: 
where ' is an integer in ½0; j; and ðt k ; pÞ ¼ 1: Note that for each ' 2 ½0; j À 1; there are up jÀ'À1 ðp À 1Þ elements t k in these conditions. From Lemma 3.3, the conductors of the corresponding w i are all equal to p jþ1À' : If ' ¼ j; there are u À 1 elements t k with ðt k ; pÞ ¼ 1; and the conductors of the corresponding w i are all equal to p: Table I summarizes these results. The first column displays each possible value for '; the second, the number of (nontrivial) characters w i for which i ¼ pÀ1 u p rÀjÀ1þ' t k and ðt k ; pÞ ¼ 1; the third column lists the common conductor of these characters w i : Note that except for the trivial character, all the others that are associated to K are counted in Table I .
From Theorem 3.1, the discriminant of K is, up to sign, equal to the product of the conductors of the characters w i that are associated to K: Using this and the results in Table I , we obtain This implies that
and therefore,
Corollary 4.1 (Washington [7] ). Given positive integers p and r with p an odd prime, the discriminant of the cyclotomic field Qðz p r Þ is, up to sign, equal to p Remark 4.1. Note that the main result in this paper, Theorem 4.1, was possible due to the following: Given an odd prime p; a positive integer r; and the cyclotomic field F ¼ Qðz p r Þ; the divisors of fðp r Þ are in a one-to-one correspondence with the subfields of F : Hence, for each d ¼ up j where j ¼ 0; . . . ; r À 1; there is exactly one subfield K of Qðz p r Þ with degree d: In this way, the discriminant of K can be obtained as a function of its degree.
On the other hand, for more general cyclotomic extensions, say of the form Qðz n Þ where n is any positive integer, there may be two or more subfields with a given degree that have different discriminants. In other words, the extension of the results in this paper depends on determining the other properties (besides the degree) which specify a given subfield of Qðz n Þ and therefore, its discriminant.
